Multi-Piece molds, which consist of more than two mold pieces, are capable of producing very complex parts⎯parts that cannot be produced by the traditional molds. The tooling cost is also low for multi-piece molds, which makes it a candidate for pre-production prototyping and bridge tooling. However, designing multi-piece molds is a time-consuming task. This paper describes geometric algorithms for automated design of multi-piece molds. A multi-piece mold design algorithm has been developed to automate several important mold-design steps: finding parting directions, locating parting lines, creating parting surfaces, and constructing mold pieces. This algorithm constructs mold pieces based on global accessibility analysis results of the part and therefore guarantees the disassembly of the mold pieces. A software system has been developed, which has been successfully tested on several complex industrial parts.
INTRODUCTION
Injection molding is one of the most common plastic manufacturing process used today [7] . It is a near-net-shape manufacturing process that can produce parts with no or very few secondary manufacturing processes. The parts produced have good surface quality and accuracy. The process is suitable for volume production due to fast cycle time. It also combines the functionality of many parts into one. While much of the consumer industry involves the design and fabrication of injection-molded thermoplastic parts, metals and ceramic parts can also be produced. Typical examples of products made by injection molding are appliance casings (for example, computer monitors, CPUs), aircraft and automotive parts, and utensils to name a few.
Conventional molds usually referred to as two-piece molds have only one primary parting surface and consist of two major pieces⎯core and cavity. These two pieces are separated along a single parting direction to eject the molded part. Figure 1 shows a two-piece mold. Since the mold pieces are constrained to move in a single direction, several undercuts are encountered in case of complex industrial parts. A number of side cores are required to form these undercuts. The side cores apart from being very costly complicate and slow down the molding operation. Some very complex parts may not even be producible using a two-piece mold.
Multi-piece molds can be used to make complex-shaped parts that cannot be made by two-piece molds. Multi-piece molding technology overcomes the restrictions imposed by traditional molds by having many parting directions. These molds have more than one primary parting surface and consist of more than two mold pieces or subassemblies. Each of these mold pieces has a different parting direction. This freedom to remove the mold pieces from many different directions eliminates the undercuts produced by two-piece molds. A multi-piece mold can be visualized as a 3D jigsaw puzzle, where all the mold pieces fit together to form a cavity and then can be disassembled to eject the molded part. Figure 2 shows an example of multi-piece mold. Moreover, since there are no actuated side cores in multi-piece molds, the tooling cost is significantly low. This makes multi-piece molding technology an ideal candidate for functional prototyping and bridge tooling. The ability to manufacture geometrically complex objects economically will significantly expand the design space and will allow development of new products in many different areas.
BACKGROUND AND PROBLEM FORMULATION

Mold System Fundamentals
In injection molding process, molten material is injected into the cavity formed by the mold. After the molten material solidifies, the mold opens and ejects the molded part. Few basic mold system terminologies are described below.
• A Parting Direction is a direction along which a mold piece is separated from the mold assembly.
• A Mold Piece Region of a part is a connected set of part faces that can be formed by a single mold piece. It is represented as r = (d, F). F is the set of region faces and d is the parting direction of the mold piece. Figure 3 shows a mold-piece region of an example part.
• A Parting Line (shown in Figure 3 ) of a part is a continuous closed curve on the surface of the part that defines faces to be split into different mold pieces. Hence, a parting line is actually the boundary of a mold piece region.
• A Parting Surface (shown in Figure 3 ) is the contact surface of two mold pieces. There is one primary parting surface in case of two-piece molds, while there are more than one parting surfaces in case of multi-piece molds.
• Mold enclosure is an oriented rectangular block enclosing the object.
• Gross Mold of an object is the solid found by subtracting the object from its mold enclosure.
Accessibility Map
Accessibility Map of a face is the set of directions from which it is globally accessible. Dhaliwal et al. [5] presented an algorithm for computing global accessibility cones for various facets (i.e., the set of directions from which various facets are accessible) of a polyhedral object. In contrast to other published algorithms that compute approximate accessibility cones for a facet by sampling a set of discrete points from the facet, the paper describes exact mathematical conditions and the associated procedure for determining the set of directions from which a facet is inaccessible due to another facet on the object. By utilizing the procedure to compute the exact inaccessibility region for a facet, the paper presents an algorithm for computing global accessibility cones for various facets on the object. A unit sphere that represents all possible set of directions is divided into small spherical triangles. Global accessibility cone for a facet is the set of all spherical triangles from which the facet is accessible.
Accessibility and Demoldability
Definition [1] : If a surface S on an object O is completely and globally ray-accessible from a direction d, the mold face forming S can be translated to infinity in the direction d, without intersecting the interior of O.
If each face on an object is completely and globally ray-accessible from at least one direction, the object is moldable. This is because for each face there exists a mold surface that can be disassembled. However, some objects for which, the above property does not hold, may also be moldable. Some of the faces on such objects are not ray-accessible from any direction. Split cores are used to form such faces. The present work does not handle such objects and rejects them as non-moldable.
For the sake of brevity, "accessibility of a facet" will imply "complete global ray-accessibility of the facet" from this point onwards.
Review of Polyhedral Part Properties
A faceted object boundary consists of two types of facets: convex-hull facets and non-convex hull-facets. Convex-hull facets are those facets on the part that are also on the convex hull of the part. All the facets on the part other than convex-hull facets are called non-convex-hull facets. Connected sets of non-convex-hull facets form concave regions (pockets in [1] ).
Property 1:
The global accessibility cone of a convex-hull facet is a hemisphere generated using the direction normal of the facet as its pole [1] .
Property 2:
A non-convex-hull facet can be blocked only by a non-convex-hull facet present in the same concave region [1] . A ray emanating from a point in a concave region will either intersect a facet in the same concave region or go to infinity.
Property 3:
A pair of facets can obstruct their mutual accessibility only if they are facing each other. Since the boundary of the object is continuous, if the facets are not facing each other, there will always be at least one facet in between the two facets.
Problem Formulation
Problem MPMD (Multi-Piece Mold Design): Given a polyhedral object and mold enclosure dimensions, design a multi-piece mold.
Input:
• A solid geometric model of a polyhedral part.
• Mold Enclosure Dimensions.
Output:
• p-piece assembly M = {m 1 ,....,m p } of solid geometric models of mold components.
Output Requirements:
• Each m i ∈ M is a connected solid.
• M = ∪m i such that the internal shell of M corresponds exactly to the boundary of the part.
• For each m i , there exists a direction d i , such that if m i is translated along d i to infinity, it will not intersect with any element of M -{m i } or the object. In other words, the mold and object assembly is completely.
Input Restrictions:
• The part does not have any internal shell: A hollow part (having internal shells) is not moldable. Hence an input part having internal shells is discarded as non-moldable.
• The part and has only one lump: The parts having more than one lump only exist in virtual CAD environment. In reality, a part is a single lump solid. However, in case of multi-lump parts, a mold can be designed for each lump separately.
Overview of Technical Approach
Given the CAD model of a part and the mold enclosure dimensions, a novel five-step approach called Multi-Piece Mold Design Algorithm (MPMDA) has been developed to generate a multipiece mold design for the part.
1) A candidate parting direction set D is first found based on the geometry of the part and by performing accessibility analysis of the part. This is described in Section 4.1.
2) For each direction d in D, accessibility of every facet on the part is checked. Section 4.2 describes in detail the algorithm FINDACCESSIBLEFACETS, which has been developed to find facets accessible from a certain direction. This algorithm is used for each candidate parting direction to find a set V of accessible-facet sets.
3) Using the set V of accessible-facet sets, the part boundary is then divided into different regions called mold-piece regions. A mold-piece region is a connected set of facets that can be formed by a single mold piece. This step is performed using algorithm FORMMOLDPIECEREGIONS and is described in Section 5.1.
4)
Out of all mold-piece regions, minimum number of mold-piece regions is selected such that the entire part boundary is covered. This is equivalent to solving set-cover problem. Algorithm SELECTMOLDPIECEREGIONS (described in Section 5.2) searches for a near-optimal solution by using a hybrid of breadth-first and depth-first search.
5) After minimum number of mold-piece regions has been identified, mold pieces are finally constructed using algorithm CONSTRUCTMOLDPIECES. This is described in Section 6.
The flowchart shown in Figure 4 shows the data flow. It also introduces all the symbols used in describing MPMDA.
RELATED WORK
Automation of two-piece mold design has been studied very widely. Multi-piece mold design is a relatively new concept and hence very few papers have been published in this area.
Two-Piece Mold Design
Chen et al. [1] formulated demoldability as a visibility problem. "Pockets" are non-convex regions on an object. The visibility map of a pocket is the set of direction from which the entire pocket is visible. Their algorithm finds the parting direction that maximizes the number of completely visible pockets. Sometimes, the attempt to form an entire pocket by a single mold piece fails and the pockets have to be decomposed to produce a feasible mold design ( Figure 5 ). As soon as a pocket is decomposed, the global nature of the visibility maps is destroyed.
Therefore, the approaches based on the visibility maps cannot be applied to pocket subdivisions as it will not guarantee global accessibility and hence demoldability.
Hui and Tan [9] heuristically generated a set of candidate parting directions that consisted of planar face normals and axis of cylindrical faces. Based on the observation that the face normals of the openings of the cavity solid (pocket in [1] ) determine a zone of possible directions for clearing the corresponding undercut, Hui [10] added more directions to the set of candidate parting directions by using normals to the cavity opening faces (lid faces in [1] ). He also developed a partitioning scheme to subdivide the pockets without destroying their global nature with respect to visibility. However, the heuristically found set of candidate parting directions may not be complete.
In contrast to the approaches described above, other approaches have been developed that make use of various feature recognition techniques to detect undercuts [7] [19] [12] . A feature may be explicitly an undercut, or just a combination of certain types of surfaces. Each of the recognized features has its own set of possible parting directions due to accessibility considerations. These possible parting directions form a set of candidate parting directions and are evaluated using evaluation functions that measure goodness of a parting direction. It is a well-known fact that feature recognition is a difficult problem. This is especially so when the features interact with each other. Hence all the algorithms based on feature recognition techniques cannot handle arbitrarily complex parts.
For determining parting line, either the parting direction is already set, or the parting direction does not cause any undercuts due to the convex shape of the object. The application of these approaches is limited to two-piece mold design for parts with relatively simple geometry Ravi and Srinivasan [15] presented sectioning and silhouette methods for parting line generation. Wong et al. [17] presented a slicing strategy for generating the parting line. Through a recursive uneven slicing method, several parting surfaces are generated for further evaluation. Weinsten and Manoochehri [18] formulated the parting line determination problem as an optimization problem. Their objective function is defined as a function of the flatness of the parting line, draw depth, number of side cores required to form the undercuts, machining complexity, etc. Majhi et al. [13] presented an algorithm for computing an undercut-free parting line that is as flat as possible for a convex polyhedral object.
For non-planar parting line, Tan et al. [16] presented a method to create the parting surface by extending the parting lines. The parting line has an outer loop and may have multiple inner loops. The outer loop is projected on a plane perpendicular to the parting direction and convex edges are identified. Each convex hull edge is projected to an adjacent side face of the mold enclosure. The projection direction is perpendicular to the parting direction and parallel to the surface normal of the mold face on which the edge is being projected. The gaps in the corners and inner loops are filled by triangulation. Nee et al. [14] use a similar approach of extruding the parting lines to create the parting surface.
Multi-Piece Sacrificial Mold Design
Dhaliwal et al. [6] presented a feature-based approach to solving the problem of automated design of multi-piece sacrificial molds. For those objects whose geometry can be represented by their feature-based representation, the approach provides a 3D spatial partitioning scheme to computationally efficiently solve the mold design problem. However, this approach cannot be used to design molds for arbitrarily complex parts.
Huang et al. [8] describe an algorithm based on accessibility-driven partitioning approach to design multi-piece sacrificial molds. Gross shape of the mold is constructed by subtracting the part model from the mold enclosure. Accessibility analysis of the gross mold is performed. The gross mold is partitioned using the accessibility information. Each partitioning improves accessibility and a set of mold components is produced. Each mold component is accessible and therefore can be produced using milling and drilling operations.
The above two approaches produce multi-piece sacrificial mold design. The mold pieces are manufacturable but may not be disassemblable.
Multi-Piece Permanent Mold Design
Krishnan [11] describes automated two-piece and multi-piece mold design for injection molding. The part is constructed by stacking 2.5D primitives called C-entities along the Z direction through either a Constructive Solid Geometry (CSG) or Destructive Solid Geometry (DSG) operation. This approach has several limitations. Since the primitives considered are only 2.5D solids that are stacked along the Z direction, the complexity of the part is limited in this approach. Moreover, since the mold separation directions are constrained to be along either the X-axis direction or the Y-axis direction, it is not always guaranteed to find a solution.
Chen et al. [2] [3] subdivide multi-piece mold design process into two subsequent processes: Mold Configuration Design Process and Mold Construction Process.
1) Mold Configuration Design
Process. In this step, object boundary is subdivided into smaller regions (mold-piece regions) that will be formed by different mold pieces. Parting direction is found for each mold piece region by solving a linear optimization problem. If a combined region (pocket) does not have a parting direction, it is split into concave regions (all internal edges concave) and convex faces (all face edges convex). The plane of a face containing an internal convex edge is used to split the combined region. If the combined region does not have any internal convex edge, it is not split and the part is assumed to be non-moldable.
2) Mold Construction Process. An approach based on Reverse Glue Operation is developed to produce a two-piece mold. Glue faces and planar parting surfaces are used to split the core and cavity. Selecting different glue faces and parting planes produce different mold pieces. This algorithm for two-piece molds is used recursively to produce a multi-piece mold.
This being approach provides an excellent groundwork to improve upon. The following limitations require further improvements:
1) Since a local approach has been followed to find the parting direction of a region, disassembly of mold pieces is not guaranteed. A separate interference test simulation module is required to verify the mold design generated by this approach. If the mold design is found to be incorrect, the whole process has to be repeated again and again. There may even be cases when this approach fails to produce a feasible solution. Figure 5 (c) shows one such example. Since the concave region R does not have a parting direction, it needs to be split into concave regions and convex faces. But R does not have any convex edge along which it can be split. It can be seen that the proposed region splitting approach fails to produce a feasible solution in this case. A robust implementation of region splitting algorithm is also challenging because splitting a face in some cases, may produce slivers. Slivers have two vertices so close to each other that it becomes difficult to do correct vertex classification.
2) A greedy heuristic is used to select mold-piece regions, which may not always produce an optimal solution (minimum number of mold pieces).
FINDING AND ANALYZING CANDIDATE PARTING DIRECTIONS
Finding Candidate Parting Directions
The complete set of candidate parting directions is found in two steps. In the first step, an initial set of heuristic directions D is found. If there are facets that are not accessible from any of the directions in D, additional directions are found and inserted into D in the second step.
To generate mold-pieces, directions from which most of the faces are accessible, are required. It is observed that the following directions are usually good candidates for a parting direction: Suppose there are facets that are not accessible from any of the directions in D. In such a case, additional directions have to be found so that each facet becomes accessible from at least one direction. Hui [10] observed that the face normals of the openings of a concave region provide a zone of possible directions for accessing the facets in the concave region. The opening of a concave region r refers to a face f op that covers r when convex hull of r is computed. If a facet f in r is accessible from none of the directions in D, a candidate parting direction d for f can be found in the following manner. Denoting n op and n as the face normal of f op and f respectively, d = n × n op × n.
Suppose that even after inserting additional directions into D following the above approach, there are still some facets that are not accessible from any of the directions in D. Exact accessibility analysis is performed for each such facet to check whether it is accessible from any direction at all. If upon performing the accessibility analysis any direction is found, that direction is inserted into D, otherwise the part is rejected as non-moldable. Dhaliwal et al. [5] presented an algorithm for computing global accessibility cones for various facets (i.e., the set of directions from which various facets are accessible) of a polyhedral object. In contrast to other published algorithms that compute approximate accessibility cones for a facet by sampling a set of discrete points from the facet, the paper describes exact mathematical conditions and the associated procedure for determining the set of directions from which a facet is inaccessible due to another facet on the object. By utilizing the procedure to compute the exact inaccessibility region for a facet, the paper presents an algorithm for computing global accessibility cones for facets on the object.
Figure 6(a) shows the candidate parting directions found for an example part. It finds 8 candidate parting directions in less than a second. Part shown in the figure will be used as a running example for each step of the algorithm MPMDA.
Analyzing Candidate Parting Directions
For a part to be moldable, every facet on the part needs to be accessible from at least one direction. Therefore, accessibility of every facet is checked from each direction in the set of candidate parting directions.
Since facets form the outer surfaces of a solid object, they have an orientation convention: inside and outside. All facets have material on one side (the "inside"), and void on the other (the "outside"). The normal to a facet always points away from the inside region. With respect to a direction, a facet is back-facing or front-facing. If the dot product of a facet's normal n and a viewing direction d is negative, the facet is inaccessible, and is called back-facing. If the dot product is non-negative, the facet is potentially accessible, and is called front-facing. A potentially accessible facet f can be obstructed by another facet f' on the object. If none of the facets on the object obstructs f, it is accessible.
We are interested in checking whether a facet f 2 obstructs a front-facing facet f 1 in a direction d. Assume that the entire scene is rotated so that the query direction d is aligned with +z-direction and the facets f 1 and f 2 are orthogonally projected along the z-axis onto the plane z=0. a. all points in S: "f 2 obstructs f 1 ". This paper does not differentiate between partial and complete obstruction. A facet is marked as obstructed even if it is partially obstructed.
b. some points in S and false for others: "f 1 and f 2 intersect each other". However, this cannot be true for any two facets belonging to the boundary of a valid solid. The boundary of a valid solid is a regular surface that does not self-intersect. Therefore, if z 2 > z 1 for any point in S, it must be true for all points in S.
c. no point in S: "f 2 does not obstruct f 1 ".
Based on the above observation, following algorithm is developed to check if a front-facing facet f 1 is obstructed by another facet f 2 .
Algorithm ISOBSTRUCTING
Input:
• ii. Map p(x, y, 0) to p 1 (x, y, z 1 ) on f 1 , and p 2 on f 2 (x, y, z 2 ).
iii. If z 2 > z 1 , return True; else return False.
Separating Axis Condition: For a pair of 2D non-overlapping triangles there exists a separating axis that is orthogonal to an edge from each triangle. So, a separating axis can be found simply by testing all combinations of edge directions to see if one of these yields a separating axis. If none of the axes is a separating axis, then the triangles must overlap.
Robust Accessibility Determination for Near-Vertical Facets
If the input part is a perfect polyhedral object, the above algorithm will always produce a correct solution. But in the real world, we seldom find something perfect. No body is perfectly rigid; no surface is frictionless. In the engineering world, a part always has some surface tolerance. In addition to it, if the input part has curved surfaces, they have to be approximated by faceting, which again introduces surface tolerance.
It is important to consider surface tolerance of a surface when determining its accessibility. The surface tolerance, though a small number plays a significant role when the surface is near vertical to the direction of access, i.e. dot product of the surface normal and the direction of access is close to zero. Figure 7 shows a cylindrical surface that has been faceted. It can be seen that for a direction of access along the cylinder axis, some of the facets are back-facing, while others are front-facing. This is obviously not the desired solution.
To find facets accessible from a direction d, the facets on the part boundary are divided into three categories:
Where n is the facet normal and τ is normal tolerance whose value is dependent on the surface tolerance introduced by faceting or that of the part. It is normally set to 2-3 degrees.
Front-facing and near-vertical facets are potentially accessible facets. Determining the accessibility of front-facing facets has already been discussed in the previous sections. Algorithm ISOBSTRUCTING is used to check if a facet obstructs a front-facing facet. The accessibility of a near-vertical facet is determined in two steps:
1) The direction of access d is slightly rotated to d' such that the near-vertical facet f becomes front-facing for d'. The procedure to rotate the direction of access is illustrated in Figure 8 .
2) Algorithm ISOBSTRUCTING is used to check if any facet obstructs f in direction d'. If f is accessible in d', it is assumed to be accessible in d also.
If the above procedure is not applied to near-vertical facets, then many of those facets may be wrongly rejected as inaccessible. A near-vertical facet is not rejected just because it is backfacing by a small amount. They are rejected only if a facet obstructs it in a direction very close to the original direction of access.
Algorithm to Find Accessible-Facet Sets
The algorithm ISOBSTRUCTING and the method to robustly determine the accessibility of nearvertical facets are used to develop algorithm FINDACCESSIBLEFACETS, which finds facets accessible from a certain direction.
Algorithm FINDACCESSIBLEFACETS
Input:
• The Set F of facets on the input part An accessible-facet set is a set of facets on the boundary of an object accessible from a certain direction. It is represented as v = (d, A) . A is the set of facets accessible from the direction d. Using FINDACCESSIBLEFACETS, a set V is determined by finding an accessible-facet set v i for each direction d i ∈D. Figure 6(b) shows an accessible-facet set. The number of facets on the part is 2434. It takes 6 seconds to find accessible-facet sets for the 8 candidate parting directions.
Pruning Unnecessary Obstruction Tests
If there are n facets on the object, to determine the accessibility of a facet from a certain direction, the algorithm ISOBSTRUCTING has to be called n-1 times in the worst case. However, the O(n 2 ) time complexity of algorithm FINDACCESSIBLEFACETS is again a loose-bound complexity. It can be made efficient by pruning out unnecessary obstruction tests. The following steps are taken for an efficient implementation of the algorithm: 1) Since the accessibility cone of a convex-hull facet is always a hemisphere (Property 1), a front-facing convex-hull facet is always accessible. Hence, we only need to perform obstruction tests for non-convex-hull facets.
2) Due to Property 2, obstruction tests need to be performed only for those facet pairs that are present in the same concave region. Therefore, the object boundary is subdivided into different concave regions, and accessible facets are found in each concave region separately.
3) A ray emanating from a point in a concave region in the viewing direction will either pierce a back-facing facet present in the same concave region, or go to infinity. If the point is obstructed, the ray pierces a back-facing facet before entering the interior of the object. Therefore, if a front-facing facet f in a concave region is not obstructed by any of the backfacing facets present in the same concave region, f is accessible. This further implies that if a concave region has no back-facing facets for a direction of access, all facets present in the concave region are accessible from the direction.
4) If a back-facet f 2 is completely below a front-facing facet f 1 , then f 2 cannot obstruct f 1 .
5) Due to Property 3 obstruction tests need to be done only for those facet pairs that can see each other.
The above steps can be summarized as follows: We need to perform obstruction tests only for front-facing non-convex-hull facets. To determine the accessibility of a non-convex-hull frontfacing facet f present in a concave region, it is sufficient to perform the obstruction tests only with those back-facing facets that:
1) are present in the same concave region, 2) are not below f, and 3) can see f.
FORMING AND SELECTING NEAR-OPTIMAL MOLD-PIECE REGIONS
A Mold-piece region is a connected set of facets that are accessible from at least one common direction. This ensures that these facets can be formed by a single mold piece that can be disassembled from the mold assembly along the common direction.
Forming Candidate Mold-Piece Regions
For a direction of access d, the algorithm FINDACCESSIBLEFACETS (described in Section 4.2.2) finds a set of facets A, accessible from d. The accessible-facet set A may not be connected. The algorithm FORMMOLDPIECEREGIONS (described below) computes the set of candidate moldpiece regions by partitioning each accessible-facet set into mold-piece regions. It uses algorithm CONNECTEDCOMPONENTS [4] to partition A into a collection of disjoint sets. Each disjoint set is a connected set of facets, i.e. a mold-piece region. ii. Insert r k into G.
Algorithm FORMMOLDPIECEREGIONS
Input
3) Output G. 
Selecting Near-Optimal Mold-Piece Regions
Each mold-piece region consists of a set of facets that can be formed by a single mold piece. A facet may be present in more than one mold-piece region. After the set of candidate mold-piece regions is determined by algorithm FORMMOLDPIECEREGIONS, an optimal set of mold-piece regions R needs to be selected. The optimal set should have minimum number of mold-piece regions and also covers all the facets on the part boundary. This suggests that selecting an optimal set of mold-piece regions is a set-cover problem. As one of the well-known NP-complete problems, no polynomial-time algorithm has been found that is able to find the exact optimum solution to an arbitrary set-covering problem within polynomial time.
Simple polynomial approximation algorithms exist in the literature to find a feasible solution to the set-cover problem. However, although this type of simple approximation algorithms run fast, for practical purposes of mold-piece region selection, they do not work too well due to their relatively high ratio bound of performance. If the number of mold-piece regions is very low in the exact optimal solution, for instance no more than 5 out of hundreds of candidate mold-piece regions, the simple approximation algorithms may yield a solution with a much higher number of mold-piece regions. Since in manufacturing, an object that requires more than 10 mold pieces can be considered to be a too complex design to be manufactured and therefore should be avoided, the simple approximation algorithms may be misleading and tend to cause the rejection of many valid designs.
Algorithm SELECTMOLDPIECEREGIONS described below would be a better approach to solve the set-cover problem. Given a reasonable length of allowed running time, it guarantees to find the optimal solution if the optimal number of mold-piece regions is relatively low (2 to 4), while it finds a good quality solution if the magnitude of the exact optimal solution is beyond a certain limit. To accomplish this, it uses the following strategy. It constructs a tree corresponding to the set of candidate mold-piece regions whose root node is a virtual mold-piece region. Figure 9 shows a tree corresponding to a set of candidate mold-piece regions. If the cardinality of R in the exact optimum solution is lower than a user-specified limit, it first uses a breadth-first search to find the optimum solution if it can be found within the time-limit; otherwise, if the breadth-first search reports that the cardinality of R in the exact optimum solution is greater than the userspecified limit, it uses a depth-first branch-and-bound search to find a solution. The depth-first branch-and-bound search first quickly finds a feasible solution using set-covering heuristics, and then uses the remaining time to improve the solution. Set-covering heuristics are quite popular in the field of approximation algorithms.
Algorithm SELECTMOLDPIECEREGIONS
Input:
1) Set of candidate mold-piece regions G 2) Number of mold-piece regions N, up to which an exact optimal solution is desired.
3) Number of desired near-optimal solutions z Output: Near-optimal set of mold-piece regions R
Steps:
1) Find a feasible solution using a greedy scheme: Keep picking a mold-piece region from G one-by-one until the selected set of mold-piece regions covers all the facets on the part boundary. At each step, pick a mold-piece region that covers the maximum area of the remaining uncovered part boundary. Consider this solution as the currentBest solution.
2) Use a breadth-first search to find a solution of cardinality N or below. If feasible solutions of cardinality N or below are found, then return up to z of them, where z is a user-specified number. The user can choose one from the z possible solutions that is the best with respect to other engineering criteria.
3) If the breadth-first search fails to find a solution of cardinality N or below, use depth-first branch-and-bound search to improve the solution found in step 1 in the remaining available time. Return the currentBest solution when the user-specified time expires.
If the user-specified time expires during the execution of step 3, then the above algorithm returns the currentBest solution found in step 1. But if the time expires during the execution of step 1 itself, the user is prompted to allow more time.
The only case in which the algorithm SELECTMOLDPIECEREGIONS can fail is when some of the facets on the part boundary are not covered by any of the mold-piece regions in the candidate mold-piece region set G. However this case will be detected in step 2 of the MPMDA itself and the part will be discarded as non-moldable. The greedy scheme adopted in the step of algorithm SELECTMOLDPIECEREGIONS runs in polynomial time. For a given constant N, the worst case running time of the breadth-first search is O(L N ), where L is the number of candidate mold-piece regions. The running time of general depth-first search grows exponentially. However, since the allowed running time is fixed by the user, the depth-first search will terminate as soon as the user-specified time expires. 
CONSTRUCTING MOLD PIECES
The first step in constructing mold pieces is to compute the gross mold of the object. If molten plastic is injected into the cavity of the gross mold, it will solidify and take the shape of the original part. The gross mold will then have to be sliced in a certain way to bring the molded part out of the gross mold. This disassembly-based decomposition of the gross mold results in several mold pieces. Following considerations are particularly examined while splitting the gross mold:
1) It is desired that the decomposition is optimal, i.e. the number of mold pieces is minimum.
Since the number of mold pieces is equal to the cardinality of the near-optimal set of moldpiece regions R, the number of mold pieces is close to minimum.
2) All facets belonging to a mold-piece region are visible from at least one common direction. This ensures that if the thin mold surface forming these facets is swept along the common direction, the swept volume will not intersect the interior of the part [1] . This however does not ensure that a mold piece (which has extra material) will not interfere with the part and other mold pieces when disassembled. The gross mold has to be decomposed such that every mold piece can be disassembled from the mold assembly.
3) A facet on the part boundary may be present in more than one mold-piece region. This is because a facet may be visible from more than one direction. The decision that which mold piece should form the facet depends on other engineering considerations described in Section 6.2.
Computing Gross Mold
The following procedure is followed to compute the gross mold of a part:
1) Orient and Resize the Mold Enclosure: The part is placed inside and oriented with the parting axis of the mold enclosure. The mold-enclosure parting axis coincides with the main parting direction. The main parting direction is determined in the following manner. It is the symmetry axis of the part, if it exists. In case of multiple symmetry axes, preference is given to the axis coinciding with a hole on the part. If there is no symmetry axis on the part, the main parting direction is the parting direction of the mold-piece region that covers the largest area of the part boundary.
After the part is properly oriented with the mold enclosure, the mold enclosure is resized to enclose the whole part. Usually, the mold enclosure dimensions are taken from the user, but they can also be generated automatically by offsetting the dimensions of the oriented bounding box of the part.
2) Subtract the Part from the Mold Enclosure: The part is subtracted from the mold enclosure to produce the gross mold. The subtraction operation is a regularized Boolean operation.
Constructing Mold Piece for a Mold-Piece Region
Constructing the mold piece for a mold-piece region consists of three steps: (1) Locating parting lines of the mold-piece region (2) Creating parting surface for the mold-piece region, and (3) Splitting the gross mold with the parting surface.
Locating Parting Line of a Mold-Piece Region
Parting line of a mold-piece region is the boundary of the mold-piece region. The boundary of a mold-piece region consists of one outer loop and may have multiple inner loops. The inner boundary loops of a mold-piece region r correspond to two types of features: thru-holes and facets belonging to other mold-piece regions trapped inside r (trapped facets). Figure 10 shows the boundary loops of a mold piece region. The following procedure is followed to find the boundary loops of a mold-piece region: First the set of boundary edges, E is determined by locating the boundary facets. E is then partitioned into different loops. If more than one loop is found, one of them is the outer loop, and the others are inner loops. To identify the outer boundary loop, all loops are projected on a plane perpendicular to the parting direction of the mold-piece region. The loop that contains all other loops is the outer loop. If only one loop is found, it is the outer loop.
The boundary of a mold-piece region is a valid parting line, but it may not be a good parting line. A good parting line is characterized by simple mold pieces that are inexpensive to operate and manufacture. A mold-piece region r = (d, F) contains two types of facets: primary facets and secondary facets. Primary facets are present only in r, i.e. they cannot be formed by the mold piece of some other mold-piece region. Secondary facets are also present in other mold-piece regions, i.e. they can also be formed by the mold pieces of other mold-piece regions. Hence some common facets may be excluded from r to improve the quality of the parting line. The following steps are taken to improve the quality of the parting line:
1) It is often infeasible to construct a single mold piece for two facets with same parting direction, if another facet with a different parting direction lies between them [2] . This situation arises if the mold-piece region contains inner loops due to trapped facets. It may be possible that if the construction of the mold piece for the current mold-piece region is postponed, this problem is resolved. Figure 11 illustrates how this problem may be resolved by changing the mold-piece construction order. The mold-piece region r in Figure 11 (a) has regions of trapped facets. If the mold-piece construction for r is not postponed, the mold pieces shown in Figure 11 (b) will be constructed. A better mold design shown in Figure  11 (c) will be created if the mold-piece construction for r is postponed. However, if every mold-piece region has trapped facets, postponing the construction of any mold-piece does not help. This case, though very unlikely, is possible. This paper does not provide a solution to this problem. As a future work, this problem may be approached in the following manner. Start with the primary facets of each mold-piece region. If the primary region does not contain any trapped facets, grow the boundary of the primary region of each mold-piece region such that all facets on the part boundary are covered and there are no trapped facets. The case where every mold-piece region has trapped facets does not arise with the test parts considered in this paper.
2) Simple planar interfaces between mold-piece regions reduce mold fabrication cost and mold operation complexity. Hence it is proposed that the flattest possible parting line be found [15] . This is possible if a better parting line can be found by leaving out facets that can be formed by other mold-pieces. A belt of common facets is determined by growing the boundary of the mold-piece region inwards ( Figure 12 ). This belt provides a feasible region E where an optimal parting line can be located. The flatness criteria proposed by Majhi et al [13] is then used to find the flattest possible parting line.
Creating Parting Surface for a Mold-Piece Region
A Parting Surface is the contact surface of two mold pieces. It is used to split the gross mold into different mold pieces. As described in Section 6.2.1, a mold-piece region has one outer parting loop and may have multiple inner parting loops. A parting surface is required for each parting loop. Different methods are used to create parting surfaces for the outer loop and the inner loops. Union of all the parting surfaces gives one parting surface with disconnected patches. Figure 10 shows the parting surface for a mold-piece region.
Parting surfaces for an inner loop is created by covering the loop by a surface. Covering is a surfacing method to fit a surface over the boundary defined with a closed and connected circuit of curves. If the given parting loop is planar, a planar surface is fitted. Otherwise the region is filled with triangular facets. If the loop is not planar, a spline surface can also be used for covering if a smooth parting surface is desired.
Algorithm CREATEOUTERPARTINGSURFACE (described below) is used to create the parting surface for the outer loop. CREATEOUTERPARTINGSURFACE has been adapted from the algorithm presented by Tan et al. [16] . It creates a parting surface by sweeping convex edges of the outer loop. The convex edges are determined by projecting the edges of the outer loop on a plane perpendicular to the mold-piece parting direction, and using a 2-D convex hull algorithm. The gap between the concave edges and the swept surface is covered by some surface. Covering these gaps is exactly similar to creating the parting surfaces for the inner loops. If the outer parting surface of a mold-piece region r i intersects with a mold-piece region r j for which a mold-piece is yet to be constructed, it is an invalid parting surface. This is because it will ruin the mold-piece of r j . This problem is solved by postponing the mold-piece construction of r i . One such case is shown in Figure 14 .
Splitting the Gross Mold
Subtracting the parting surface from the gross mold splits the gross mold into two. One of the pieces is the mold-piece for the current mold-piece region. The other piece is the updated gross mold for the mold-piece regions for which mold pieces are yet to be constructed. 
Algorithm for Constructing Mold Piece for a Mold-Piece Region
The three steps of constructing the mold piece for a mold-piece region (described above) are incorporated into algorithm CONSTRUCTREGIONMOLDPIECE.
Algorithm CONSTRUCTREGIONMOLDPIECE
Input:
• Set R' of mold-piece regions for which mold-pieces have not been constructed as yet
• A mold-piece region r for which mold piece has to be constructed 
Algorithm for Constructing Mold Pieces
Algorithm CONSTRUCTREGIONMOLDPIECE is used to develop algorithm CONSTRUCTMOLDPIECES that constructs mold pieces for the near-optimal set of mold-piece regions selected by algorithm SELECTMOLDPIECEREGIONS.
Algorithm CONSTRUCTMOLDPIECES
Input: Set R of optimal mold-piece regions Output: Set M of mold pieces
Steps:
1) Start with an empty set M = {}.
2) Sort R into a list such that the first element r 1 has the maximum number of facets and so on. ii. Put a tag on r that an attempt for creating the mold piece for r has been made.
iii. Move r to the back of the list.
5) Insert the remaining G (the last mold piece) into M.
Figure 6(e) shows the 4 mold pieces created by the algorithm. This step takes 30 seconds. The whole process hence takes a total of 43 seconds to produce an optimal mold design of the part without requiring any human input.
IMPLEMENTATION AND EXAMPLES
A software system called Multi-Piece Mold Designer (MPMD) was written based on the algorithms described in this paper. MPMD was written in C++ using ACIS, OpenGL and MFC. It was tested on an Athlon XP 1700+, 1 GB RAM machine running windows 2000.
MPMD supports both modes -interactive as well as automatic. The automatic mode does not require any input from the user after the part model is loaded. The interactive mode allows the user to modify the automatically computed results at every step of mold design. MPMD was tested on several representative parts from Protoform. It takes them several hours to design molds for these parts using a generic CAD package such as AutoCAD. Also, none of the existing approaches can design molds for these parts without significant human input. MPMD successfully designed valid multi-piece molds for each of the parts within 5 minutes. Figures 15  and 16 show the parts and the mold designs produced by MPMD. Urethane molds for some of the parts were manufactured using CNC machining. The mold pieces were assembled together by manually adding assembly features to each mold-piece design. Polyurethane was poured into the molds to produce the parts shown in Figure 17 . A mold piece that has two or more long pin structures as cores for thru-holes may be difficult to disassemble. MPMDA, in an effort to produce minimum number of mold pieces, generates these kinds of mold pieces. As a postprocessing step, these mold pieces are decomposed further for easy disassembly.
CONCLUSIONS
MPMDA presents a novel approach to solving the multi-piece mold design algorithm. It is a significant improvement over the previous approaches with respect to the following characteristics:
1) Domain: The previous mold splitting algorithms were either limited to two-piece molds or planar parting surfaces. A disassembly-based algorithm was developed that guarantees the disassembly of the mold assembly. The algorithm can create parting surfaces for non-planar parting lines also.
2) Soundness: The previous algorithms found parting directions using a local approach. MPMDA locates the parting direction of a face is in the global accessibility cone of the face. Global accessibility is important because it ensures that the mold can be disassembled. This fact also enables the design of multi-piece multi-cavity molds (described in Section 8.3). Also, in contrast to the Z-buffer approach that gives approximate solution in the image space, MPMDA determines exact accessibility in the object space. It is also capable of robustly handling near-vertical faces by compensating for the surface tolerance of the part.
3) Completeness:
In contrast to approaches that sample parting directions, MPMDA performs global accessibility analysis of the part to find the candidate parting directions. This ensures that the candidate parting direction set is complete.
4) Efficiency:
For efficient implementation of the algorithm, conditions based on polyhedral part properties were developed to prune unnecessary obstruction tests. MPMD successfully designed valid multi-piece molds for representative parts from industry within 5 minutes.
5) Solution Quality:
A hybrid approach combining breadth-first and depth-first search was developed to find a near-optimal solution within a user-specified time limit. MPMDA, within a reasonable time, always returns an optimal solution when the numbers of sets in the solution is small (2-4). On more complex parts it is capable of finding feasible solution. However, optimality cannot be guaranteed in such cases.
Limited volume production is increasingly becoming a common industrial practice in the era of mass customization. Prototyping is also almost always done to eliminate errors in a design before finalizing it. Since molds are constantly changed in prototyping and limited volume production, it is required that the tooling cost is low. Since multi-piece molds can be produced cheaply, this technology is an ideal candidate for limited volume production and prototyping. By making polyurethane prototypes using urethane molds, the costs can be further brought down. Some SFF technologies would cost approximately ten times the cost of urethane-molded parts. Multi-molds are also capable of producing very complex parts. Some parts that cannot be produced by traditional molds can easily be produced by multi-piece molds. Space puzzle molding (http://www.protoform.com) is a popular multi-piece molding technology, which has been successfully used for the last 10 years to produce quality parts. It can produce very complex parts and the tooling cost is also significantly less than that of conventional molds.
Currently, multi-piece molds are not widely used because of lack of knowledge and required expertise. The complete automation of mold design will radically reduce the cost and lead-time associated with the deployment of multi-piece molds.
Possible future extensions include:
1) Handling Freeform Surfaces without Faceting: This paper describes algorithm to create multi-piece mold design, which is limited to polyhedral parts. The curved surfaces are faceted and approximated by facets. The created multi-piece mold design is not for the original object, but the polyhedral version of the object. This may not be acceptable in the industry. Therefore new algorithms are needed that can directly work with curved faces.
2) Handling Invisible Faces using Split Cores:
The present work creates mold piece only for faces that are visible from at least one direction. It rejects the objects having faces that are not visible from any direction as non-moldable. Such faces, in some cases can be formed using split cores. Further research is required to create split cores for such faces. 
